Abstract. We study the g-Tanaka-Webster connection associated to a Kenmotsu structure. With the help of g-Tanaka-Webster connection we characterize Kenmotsu manifolds and find certain curvature properties of this connection on Kenmotsu manifolds. Finally an illustrative example is given to verify some results.
Introduction
The Tanaka-Webster connection has been introduced by Tanno [20] as a generalization of the well-known connection defined at the end of the 1970's by Tanaka in [21] and independently by Webster in [26] . This connection coincides with the Tanaka-Webster connection if the associated CR-structure is integrable. The Tanaka-Webster connection is defined as the canonical affine connection on a nondegenarate, pseudo-Harmitian CR-manifold. For a real hypersurface in a Kähler manifold with almost contact structure ( , , , ), Cho [6, 7] adapted Tanno's gTanaka-Webster connection for a non-zero real number . Using the g-TanakaWebster connection, some geometers have studied some characterizations of real hypersurfaces in complex space forms [22] . Recently in [1] Bilal et al. study gTanaka-Webster connection in Kenmotsu manifolds.
A Riemannian manifold is called semisymmetric if the curvature tensor satisfies (1.1) ( , ) · = 0, where ( , ) is considered as a field of linear operators, acting on . It is well known that the class of semisymmetric manifolds includes the set of locally symmetric manifolds (∇ = 0) as a proper subset. Semisymmetric Riemannian manifolds were first studied by E. Cartan, A. Lichnerowicz, R. S. Couty and N. S. Sinjukov. A Riemannian manifold is said to be Ricci semisymmetric if the curvature tensor satisfies
where ( , ) is considered as a field of linear operators, acting on and is the Ricci tensor of type (0, 2). The class of Ricci semisymmetric manifolds includes the set of Ricci symmetric manifolds (∇ = 0) as a proper subset. Ricci semisymmetric manifolds were investigated by several authors. Every semisymmetric manifold is Ricci semisymmetric. The converse statement is not true. However, under some additional assumptions (1.1) and (1.2) are equivalent. Semisymmetric manifolds were classified by Szabó, locally in [19] . A fundamental study on Riemannian semisymmetric manifolds was made by Szabó [19] , Boeckx et al. [5] and Kowalski [15] . An example of a curvature condition of semisymmetry type is · = 0, where is the Ricci operator defined by ( , ) = ( , ). A natural extension of such curvature conditions form curvature conditions of pseudosymmetry type. The curvature condition · = 0 has been studied by Verstraelen et al. in [25] . Motivated by the above studies in the present paper we characterize Kenmotsu manifolds admitting the g-Tanaka-Webster connection.
This paper is organized in the following way: In Section 2, we recall some basic formulas and results. In Section 3, we mention the expressions of the curvature tensor and Ricci tensor¯and¯with respect to the generalized Tanaka-Webster connection and then prove some interesting results. Section 4, deals with the study of Ricci semisymmetric Kenmotsu manifolds and prove that Ricci semisymmetry with respect to∇ and ∇ are equivalent if and only if the manifold is an Einstein manifold. Next it is shown that the curvature conditions¯·¯= 0 and · = 0 are equivalent if and only if the manifold is an Einstein manifold, where and are respectively Ricci operator defined by ( , ) = ( , ) and¯( , ) = (¯, ). Next in Section 6, we prove that the concirular curvature tensor with respect to the g-Tanaka-Webster connection and Levi-Civita connection are equal. In this section we also prove that¯·¯= 0 if and only if the manifold is an Einstein manifold. Finally, we construct an example of a 5-dimensional Kenmotsu manifold admitting the g-Tanaka-Webster connection in order to verify some results.
Kenmotsu manifolds
Let be a (2 +1)-dimensional almost contact metric manifold equipped with an almost contact metric structure ( , , , ) consisting of a (1, 1) tensor field , a vector field , a 1-form and a compatible Riemannian metric satisfying [3] 
for all vectors field , . An almost contact metric manifold is called a Kenmotsu manifold if it satisfies [12] 
for all vector fields , , where ∇ is the Levi-Civita connection of the Riemannian metric. From the above equation it follows that
Moreover, the curvature tensor , the Ricci tensor and the Ricci operator satisfy [2, 12, 13]
A Kenmotsu manifold is normal (that is, the Nijienhuis tensor of equals to −2 ⊗ , but not Sasakian. Moreover, it is also not compact, since from (2.8) we get div = 2 . Kenmotsu [12] showed:
(a) that locally a Kenmotsu manifold is a Warped product × of an interval and a Kaehler manifold with wrapping function ( ) = , where s is a non-zero constant; (b) that a Kenmotsu manifold of constant sectional curvature is a space of constant curvature −1 and so it is locally hyperbolic space. Kenmotsu manifolds have been studied by several authors such as Pitis [17] [24] and many others.
Curvature tensor and Ricci tensor with respect to the generalised Tanaka-Webster connection
The -Tanaka-Webster connection∇ defined by Tanno for contact metric manifolds is given by [20] ,
for any , tangent to . With the help of (2.5) and (2.6) the above equation takes the form,
Putting = in (3.1) and using (2.1) we have
From (3.1) and (3.3) we get
With the help of (2.6), from the above equation, it follows that (∇ ) = 0. Again
Finally using (3.1) in (3.5) yields (3.6) (∇ )( , ) = 0. Here we also obtain an interesting result stated below.
Theorem 3.1. The g-Tanaka-webster connection∇ associated to the LeviCivita connection is just the only one affine connection, which is metric and its torsion is of the form
Proof. We see in (3.6) that the Tanaka-Webster coonection is a metric connection. Now the torsion tensor¯of∇ is given by¯( , ) =∇ −∇ . Using (3.1) in the previous relation we get
Now we recall the famous result stating with: Any metric connection can be expressed with the help of its torsion¯in the following way:
Applying (3.7) in the above relation yields
Contracting in the above equation, we get
Let and¯denote the curvature tensors ∇ and∇ respectively. Then
Using (3.1) in (3.8) yields [1] (3.9)¯( ,
Using (2.7) and putting = in (3.9) we get¯( , ) = 0. Also by the help of (2.7) and (3.9) we can easily obtain¯( , ) = 0 and¯( , ) = 0, for all vector fields , , .
Taking the inner product with in (3.9),
} be a local orthonormal basis of the tangent space at a point of the manifold . Then by putting = = in (3.10) and taking summation over , 1 (2 + 1), we obtain
where¯and are the Ricci tensor of with respect to∇ and ∇ respectively. Let¯and denote the scalar curvature of with respect to∇ and ∇ respectively. Let { 1 , 2 , 3 , . . . , 2 +1 } be a local orthonormal basis of the tangent space at a point of the manifold . Then by putting = = and taking summation over , 1 (2 + 1) we have (3.12)¯= + 2 (2 + 1).
Therefore we can state the following:
. For a Kenmotsu manifold admitting generalised TanakaWebster connection∇
(i) The curvature tensor¯of∇ is given by (3.9), (ii) The Ricci tensor¯of∇ is given by (3.11), (iii) The scalar curvature¯of∇ is given by (3.12),
Suppose∇ is flat. Then from (3.9), we get
which implies that the manifold is of constant sectional curvature −1. This leads to the following: 
is conformally flat of dimension 5.
Ricci semisymmetry with respect to∇ and ∇
In this section we characterize the Ricci semisymmetry in Kenmotsu manifolds with respect to the generalized Tanaka-Webster connection. Now
Therefore using (3.9) in the above equation, we have
Suppose (¯( , ) ·¯)( , ) = ( ( , ) · )( , ), then from the above equation, it follows that ( , ) ( , ) + ( , ) ( , ) − ( , ) ( , ) − ( , ) ( , Again if ( , ) = (2 +1) ( , ), then from (4.2), it follows that
This leads to the following: 
Kenmotsu manifolds satisfying¯·¯= 0 with respect to the g-Tanaka-Webster connection
In this section we characterize¯·¯= 0 and · = 0 in a Kenmotsu manifold with respect to the g-Tanaka-Webster connection and Levi-Civita connection. Now
From (3.11), it follows that (5.2)¯= + 2 .
Using (3.9) and (5.2) in (5.1) yields
Suppose¯·¯= 0 and · = 0 are equivalent in a Kenmotsu manifold . Then from (5.3) it follows that
Contracting from the above equation, we get ( , ) = ( , ), which implies that the manifold 2 +1 is an Einstein manifold. Conversely, let the manifold 2 +1 be an Einstein manifold. Then from (5.3), it follows that¯·¯= · .
Concircular Curvature tensor with respect to ∇ and∇
A transformation in an (2 + 1) dimensional Riemannian manifold , which transforms every geodesic circle of into a geodesic circle of , is said to be a concircular transformation [14, 23, 27] . A concircular transformation is always a conformal transformation [14] . Here, we mean a geodesic circle by a curve in whose first curvature is constant and second curvature is identically zero. Thus the geometry of concircular transformation is a generalization of inversive geometry in the sense that the change of metric is more general than induced by a circle preserving diffeomorphism [4] . An important invariant of concircular transformation is the concircular curvature tensor , defined by [27] (
for all , , ∈ ( ), where is the Riemannian curvature tensor and is the scalar curvature with respect to the Levi-Civita connection.
Now the concircular curvature tensor with respect to the g-Tanaka-Webster connection is given by
for all , , ∈ ( ), where¯is the Riemannian curvature tensor and¯is the scalar curvature with respect to the g-Tanaka-webster connection.
Using (3.9) and (3.12) in the above equation, we get¯( , ) = ( , ) . Therefore we can state the following: 
Let be the 1-form defined by ( ) = ( , 5 ), for any ∈ ( ), where ( ) is the set of all differentiable vector fields on . Let be the (1, 1)-tensor field defined
Using the linearity of and , we have ( 5 ) = 1,
( , , , ) defines an almost contact metric manifold. The 1-form is closed.
We have Ω( , ) = ( , Also from (7.1) we see that the manifold is an Einstein manifold with respect to the Levi-Civita connection. Hence Theorem 4.1 is verified.
